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Abstract 

A rigorous analytical solution for linear diffusion corresponding to the double potential 
step problem for a reversible multistep process is derived. The expressions obtained are 
valid for any value of the formal potentials of each step and can be applied to any 
double pulse technique without restriction on the duration of both pulses. Differential 
pulse techniques are applied to the study of reversible processes with different number 
of steps. 
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Introduction 

The charge transfer processes that occur in several steps have been a subject of 

great interest in recent years, and have been studied in different scientific fields. 

Hence, for example, the well known fullerenes like 60C , have shown that their 

reduction occurs through six successive reversible steps of one electron [1]. 

Nevertheless, the rigorous treatment of multistep processes with potentiostatic 

techniques is not simple, and in fact, has hardly been performed [2], even in the 

simplest case in which it is considered that only two steps occur reversibly (EE 

mechanism) and only then by applying, usually, dc or normal pulse techniques 

[3] or also numerical solutions with multipulse potential techniques [4, 5]. We 
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have recently obtained, for a reversible EE process, the solution corresponding to 

the application of a double potential pulse [6, 7] to planar electrodes, and for 

multistep mechanisms we have derived the general theory in voltammetry with 

constant potential for planar and spherical electrodes [8, 9]. 

In this paper we derive the rigorous analytical solution for a reversible multistep 

process in any double potential step experiment at planar electrodes. These 

expressions are applicable without restrictions on the duration of the two 

potential pulses and whatever the species initially present in the solution. 

In this work we apply this solution to the study of electrochemical processes with 

different numbers of steps in differential double pulse techniques, such as 

differential normal pulse voltammetry (DNPV) and differential pulse 

voltammetry (DPV), the analytical expressions of which have not yet been 

established. These have proved, on the one hand, to be excellent and versatile 

techniques for trace analysis, since in contrast to other voltammetric methods, the 

potential time sequence can be chosen to minimise the contribution of 

capacitative effects in the measured current [10] and, on the other, their 

usefulness in detecting and characterising these processes. 

 

Theory 

Let us consider a multistep mechanism, in which k  reversible charge transfer 

reactions take place according to the following scheme, 
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where 0 '
jE  and jn  are, respectively, the formal potential and the number of 

electrons implied in the step j . We will suppose that the diffusion coefficients of 

the 1k +  species participating in this process are equal ( D= ), so the possible 
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( 1)k −  homogeneous reproportionation reactions (II) have no influence on the 

/I E  curves for any single or multipotential step voltammetric technique when 

linear, spherical or cylindrical semi-infinite diffusion are considered [11]. 
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→
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ik

ik
  { }1,2, , 1i k= −K   (II) 

In previous papers [8, 9], we have solved the problem for process (I) when a first 

potential pulse IE  is applied during 1t  to a planar electrode, and the analytical 

expressions for the profile concentrations and current have been deduced. In this 

paper, we will use these solutions to derive those corresponding to the 

application of a second potential step, IIE , to a planar electrode during time 2t  

following 1t . In order to do this, we present below a short outline of the problem 

when first potential IE  is applied. 

In all expressions appearing in this work, the superindexes (I or II) refer to the 

number of pulse potential applied ( IE  or IIE ), whereas the subindexes refer to 

the species considered ({ }1, 2, 1k +K ) or to the step considered ({ }1, 2, kK ) in the 

k-step process, as will be indicated in each case. 

 

First pulse 

If we consider a planar electrode when a first potential step IE E=  is applied 

during t  with 10 t t≤ ≤ , then the equation system that describes the mass 

transport to and from the electrode is given by 
Iˆ ( , ) 0ic x tδ =    { }1,2, , 1i k= +K  (1)

 

with 
2

2
ˆ D

t x
δ ∂ ∂
= −
∂ ∂

 
(2)

 

The boundary value problem is given by 

0 0
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with I
iJ  given by 

I 0'
I ( )exp i i
i

n F E EJ
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(6)

 
I ( , )ic x t  is the concentration of species Oi  as a function of the distance from the 

surface electrode, x, and the time, t, and *
ic  is the bulk concentration of Oi  

species. 

This problem has an easy solution, which is given by eq. (8) in reference [9]. 

From this reference we can write 
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The current observed for the k-step mechanism, II , is obtained by the sum 
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where I
jI  is the partial current due to any step j  and it is calculated using the 

expression [8, 9] 
I
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By introducing eq. (7) in eq. (11) we obtain 
1/ 2
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and finally, the observed current is obtained with eq. (12) in eq. (10) giving 
1/ 2
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where  and  F A  have their usual meanings. 

 

Second pulse 

In this situation, the equation system to solve is given by 
IIˆ ( , ) 0ic x tδ =    { }1,2, , 1i k= +K  (14)

 

where the total time is now 1 2t t t= + , with 1t  constant. The boundary value 

problem can be written as 
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II II II
1( 0, ) ( 0, )i i ic x t J c x t+= = =   { }1,2, ,i k= K  (17)

 

where II
iJ  ( { }1, 2, ,i k= K ) is a function of the applied potential IIE , which is 

given by  
II 0'

II ( )exp i i
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n F E EJ
RT
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(18)

 

Taking into account that the operator δ̂  given by eq. (2) is linear, the solutions 

corresponding to the second potential step, II ( , )ic x t  can be written as (see eq. 

(14)) 
II I II

2( , ) ( , ) ( , )i i ic x t c x t c x t= + %       { }1,2, , 1i k= +K  (19)

 

where I ( , )ic x t  are the solutions corresponding to the first potential step IE  (see 

eq. (7)) and II
2( , )ic x t%  are the new unknown partial solutions. 

By introducing eq. (19) in eqs. (14)-(17) and taking into account eqs. (1)-(5) for 

the first pulse, we deduce that the boundary value problem of this second pulse is 

given only in terms of the new unknown variables II
2( , )ic x t% , and has the 

advantage of having null initial conditions. In effect, we have 
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Note that the conditions which must fulfil II ( 0)ic x =% , (eqs. (22), (23) and (18)), 

have a similar form to that corresponding to the first potential step, IE  (eqs. (4), 

(5) and (6), respectively), except in the value of the constants ( )II I I
1( 0)i i iJ J c x+− =  

in eq. (23), since the surface concentrations corresponding to the first potential 

step, I ( 0)ic x = , are independent on time (see eq. (8)). Therefore, the partial 

solutions for the second pulse, II
2( , )ic r t% , have an analogous form to that 

corresponding to the first one (eq. (7)), with surface values also independent of 

time. Taking into account eqs. (19)-(23), these partial solutions are given by 
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Note that, as in the case of a reversible E simple process [12], the surface 

concentrations of species Oi  are independent of time and take the same form for 

the first and second potential steps (compare eqs.(8) and (25)). Finally, by 

substituting eqs. (24) and (7) in eq. (19) the concentration profiles for this second 

pulse potential are totally determined. 

The partial current due to any step j (with j = 1 to k) of the k-step process when a 

second potential step is applied is given by  
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and can be expressed, taking into account eqs. (19), (24) and (11), in the 

following way 

II I II I

0
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( ) ( ) F ( 0) ( 0)
j

j j j i i x
i

I t I t n AD c x c x
=

=
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with I ( )jI t  given by eq. (12) with 1 2t t t= + . 

From eqs. (27) and (12) or (13), the following expression for the current 

observed, II ( )I t , during the second potential step is obtained, 
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(28)

 

which is given by a sum of two terms corresponding to two single potential steps. 

This equation is the general current in planar diffusion for reversible multistep 

electrode processes with any number of steps (k) and whatever the values of the 

formal potentials 0' 0' 0 '
1 2,  ,  ..., kE E E  (i. e., whatever the species, Oi  ( 1,  2, ... 1i k= + ) 

initially present in the solution), and can be used without restriction on the 

duration of both pulses. 

The expressions for the currents corresponding to the first and second potential 

pulse (eqs. (13) and (28), respectively), can be written as 
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When 2k = , all the above equations obtained for the second potential step 

coincide with those deduced in Ref. [7] for an EE mechanism when planar 

electrodes are used. 

 

Differential pulse techniques 

a. Differential normal pulse voltammetry (DNPV)  

In the double pulse technique DNPV two consecutive potential steps, IE  and IIE , 

are applied during times 1t  and 2t , respectively, without restriction on the 

duration of either pulse, and the difference II IE E E∆ = −  is kept constant during 

the experiment. Currents II  and III  are measured at the end of each pulse and the 

difference II I
DNPVI I I∆ = −  is plotted versus IE . Thus, by subtracting eq. (30) and 

eq. (29) we can obtain the expression for the response of a reversible multistep 

process in DNPV, which is given by 

( ) ( )
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I II I2 2

1 2 1
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t t t

φ
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The expressions for this response in the cathodic and anodic limits can be 

deduced from eq. (34) by making  I II,E E →−∞  and I II,E E →∞ , respectively in 

eqs. (32), (33), (6) and (18). Thus, we obtain  

*
1/ 2 1/ 2

1c.l. 2 2
DNPV *

1 2 1

k k

j i
i j i

n c
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t t t c
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∑ ∑
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∑ ∑
 

(37)

 

Note that these limit currents are dependent on the initial concentrations of the 

species participating in process (I). 

 

b. Differential pulse voltammetry (DPV)  

If we impose the condition 2 1t t<< , the first term in eq. (34) can be suppressed 

and the expression for the current corresponding to DPV is obtained 

( )II I
DPVψ X X= −  (38)

 

Note that both limit currents in the DPV are always null (see eqs. (34) and (35) 

with 2 1t t<< ) and also that the signal in this technique is independent of which 

species are initially present in the solution (see eq.(38)). 

Eq. (38) is applicable to any k-step reversible process without restriction on the 

values of the formal potential of each step. The multistep mechanisms for which 

the values of the formal potentials verify that 0' 0 ' 0
1 ... ... '

s kE   E E>> >> >>  always 

present well-separated k responses. In this case, for the response corresponding to 

any step s it is verified that 
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p

p 0'
p

p

0

( )exp

j s

s s
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<
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=  

 
→ ∞

        with p = I, II 

(39)

 

By introducing the above expressions in eq. (38) for the double pulse techniques 

DPV, we obtain the response corresponding to any step, whose expression is 

given by 

 
DPV II I

1 1( )
1 1s

s sJ J
ψ

 
= − + + 

 
(40)

 

This equation for the normalised curve is coincident with those corresponding to 

a simple E mechanism [13] and therefore, it is possible to deduce the expressions 

for the formal potentials of each step, obtaining 

2peak
'0 E

EEs

∆
= m  

(41)

 

where the upper and lower signs in eq. (41) refer to the cathodic and anodic 

peaks obtained in DPV curves, when the pulse amplitude, E∆ , is applied with a 

negative or positive sign, respectively. 

 

Results and discussion 

Fig. 1 shows the influence of the duration of the second potential step, 2t , on the 

normalized DNP curves corresponding to a reversible EEE process (eq.(34) with 

3k = ) by supposing that 1 2 3 1n n n= = =  and 0' 0'
1 200 mVz zE E+ − = −  ( 1,  2)z =  for 

50 mVE∆ = −  when species 1O  and 4O  are initially present in the solution with 

concentrations * *
1 4 1 mMc c= = . As can be observed in this figure, when the 

electrode processes have several completely separated steps 

( 0' 0 '
1 200 mVz zE E+ − ≤ − ), the DNPVψ  or DPVψ  curves obtained always present a well 

defined peak for each step, with a height that increases in absolute value when 2t  
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decreases. Hence the analytical sensitivity of the technique is greater for lower 

values of 2t . Fig. 1 also shows how the values of both limit currents tend to zero 

when 2t  decreases, and so the characteristic response in DPV is reached for 

2 1t t<<  (see curve with 2 0.02t =  in Fig. 1). Note that the response in DPV is 

independent of which species are initially present in the solution but always 

depends on the sum of all the initial concentrations. 

 

 
Figure 1. Influence of the duration of the second potential pulse, 2t , on the differential 
normal pulse voltammograms, I 0 '

DNPV 1/( )I E E∆ −  for a reversible EEE with completely 
separated steps, 0' 0 ' 0 ' 0 '

2 1 3 2 200 mVE E E E− = − = − , when 1O  and 4O  are initially present 
in the solution (eqs. (34) and (35) with 3k = ) with concentrations * *

1 4 1 mMc c= = , 
298 KT = , 1 2 3 1n n n= = = , 125 scm10 −−=D , 50 mVE∆ = − , 1 2 st = . The values of 

2t  (in s) are on the curves. 
 

In Fig. 2 we have represented the I 0'
DPV 1/( )E Eψ −  curves corresponding to a 

reversible EEE process with 1 2 3 1n n n= = =  and 50 mVE∆ = −  at different values 

of 0' 0 '
1z zE E+ −  ( 1,  2z = ). From this figure we deduce that the height of a peak for 

an EEE mechanism with 0' 0 '
1 100 mVz zE E+ − ≤  is considerably lower than that 

corresponding to a simple E process with three electrons (which is coincident 

with the curves of 0' 0'
1 150 mVz zE E+ − ≥  in this figure), with a relative difference in 

heights of more than 5%. Therefore, both processes can be perfectly 

distinguishable in DPV even when the EEE mechanism only presents one peak 
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(see curves corresponding to 50, 0 and -50 mV). From the above we can 

conclude that, when the formal potentials of both steps are very close, DPV 

technique is more useful for detecting a three step process than other techniques 

of single or double pulse, like Normal (NP) and Reverse Pulse (RP) 

Voltammetries, since  in  the latter,  the  limit currents remain independent of the 

value of 0' 0 '
1z zE E+ −  and, for example, for 0'0'0

1 ≅−+ EE zz  the shape-wave in NP or 

RP curves is only slightly different from that corresponding to an E simple 

process with three electrons (see Fig. 3b). 

 

 
Figure 2. Influence of the value of the separation between the formal potentials of 
consecutive steps, 0' 0 ' 0 '

1j j jE E E+∆ = −  ( 1,  2j = ), on the differential pulse 

voltammograms, ( )I 0'
DPV 1E Eψ − , for an EEE mechanism (eq. (38) with 3k = ) when 

only 1O  is initially present in the solution with concentration *
1 1 mMc = . 0 ' 0'

1 2E E∆ = ∆ , 

1 2 st = , 2 0.01 st = . The values of 0'
jE∆  (in mV) are on the curves. Other conditions as 

in Fig. 1. 
 

Fig. 3a shows the influence of pulse amplitude, E∆ , on I 0'
DPV 1/( )E Eψ −  curves. 

From this figure it is clear that for a given value of 0'E∆ (-80 mV in this case), a 

decrease of E∆  tends to decrease the current of the DPVψ  curves and tends to 

separate out into four peaks. Thus, by acting on the experimental conditions it is 

possible to detect at sight the existence of a multistep process with DPV, whereas 
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it would be impossible to carry out with dc voltammetry, as can be seen in Fig. 

3b, which shows the current I I 0'
1/( )I E E−  for the same process. 

 

Figure 3. Influence of pulse amplitude, E∆ , on the differential pulse voltammograms 
I 0'

DPV 1/( )I E E∆ − , for a reversible four-step mechanism (eq. (38) with 4k = ). 
0' 0'

1 80 mVz zE E+ − = −  ( 1,  2z = , 3), 1jn =  ( 1,  2, 3, 4j = ). The values of E∆  (in mV) 
are on the curves. Other conditions as in Fig. 2. 
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